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The problems of elastic surface wave propagation in layers of nonuniform 
thickness have been considered to be prototypes for seismic wave propaga- 
tion across continental margins and other regions of the earth of varying 
crustal thickness. In almost all of the previous work, approximate solutions 
have been obtained for particular idealized geometries [ 11-171. However, in a 
previous paper [8], the propagation of Love waves in a single layer with 
nonuniform thickness has been studied by using a modified version of the 
“principle of localization” [9], with the purpose of computing phase velocities 
in the zone of nonuniform thickness. According to the principle of localiza- 
tion, it is assumed that the sloping boundary is made up of an infinite number 
of small steps and that the wave undergoes instantaneous transmission and 
reflection at each step; the reflection and transmission occur as if the layers 
to the left and to the right of the step were actually of uniform thickness, 
differing by an infinitesimally small amount. Although the method is appli- 
cable for arbitrary geometry of the layer, it depends crucially upon the 
solution of an auxiliary problem, namely, the determination of the trans- 
mission and reflection coefficients for waves propagating past a step. Although 
an exact solution to this auxiliary problem does not exist in the literature, an 
approximate solution has been given which makes the application of the 
solution practical. The phase shifts at any point are the results of an inter- 
ference between the transmitted and the reflected waves. 
Knopoff and Ma1 [8] have stated that the wave number for surface waves 
in a wedge-shaped structure can be expanded as a power series in the angle 
of the wedge, for small angles, as 
k = k, + ik,tJ + k&P + ... 
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with all the coefficients Kj real. Thus the perturbation in the wave number, 
given by the real part of the above equation, is an even function of the wedge 
angle. Hence no anisotropy in the wave number for surface waves exists at a 
point in the wedge. The wave number is the same for waves propagating 
toward the vertex of the wedge and away from it. In this paper we concern 
ourselves with the construction of a general theory of eigenfunctions, for a 
completely arbitrary geometry of the layers, especially for the case in which 
the thicknesses of the layers change by a finite amount. The results of this 
calculation agree with the above assumption of isotropy. The above conclusion 
holds for surface waves in a two-dimensional multilayered medium with a 
free surface and with nonparallel interfaces. For simplicity, however, we 
consider a half-space with one overlying homogeneous layer; the theory in its 
present form also applies to multilayered media. 
We assume that the layer is of uniform thickness H except in a certain finite 
region 0 cl .ri < (I (Fig. l), which we call the transition zone. We further 
assume that the surface waves are generated at the left extreme of the struc- 
ture. Then the incident wave, that is the wave travelling to the right and 
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originating at -cc, is the eigenfunction for a layered half-space with uniform 
layer thickness H. As the wave passes the transition zone, it undergoes 
reflection and transmission at every point. This results in a wave reflected to 
the left and one transmitted to the right of the transition zone. Outside the 
transition zone, these reflected and transmitted \vaves are again the eigen- 
functions for the structure with uniform laver thickness. Thus the total wave 
motions outside the transition zone can be described completely in terms of a 
linear combination of the eigenfunction and its complex conjugate. 
The situation is more complex in the transition zone. ,4 Cartesian coordinate 
svstem is inappropriate to describe the wave motion in this region. It is not 
possible to write down a solution in closed form w,hich simultaneously satis- 
fies the boundary conditions at the free surface and at the interface. As noted 
above, a precise mathematical description of the process bv which surface 
waves undergo refection and transmission at a sloping interface is not known. 
A convenient wa!. of describing the effect of the region R, is to assume that 
every point in this region behaves as a secondary source emitting body and 
surface waves in all directions. Our purpose is to determine the strength of 
the sources as a function of the incident field and to describe the continuous 
reflection and transmission processes taking place in this region. 
In this paper we solve the problem of Rayleigh waves incident upon such 
a discontinuity in structure. Let e-i”’ ” u (x), e-‘+O(x) be the displacement 
vectors in the layer and the half space respectively due to the incident waves. 
Th en e-iO%ro(x) satisfies the conditions of zero normal stress at the free surface 
and the conditions of continuity at the interface s:+ = 0 (Figure 1). These 
latter conditions are 
where T’&(U) and C&(V) are the stresses due to the incident waves in the layer 
and the half-space, respectively. Let e-i+.r(x) and eSiwtv(x) denote the actual 
wave fields in the layer of nonuniform thickness and the half-space. We 
assume that R, is a region of inhomogeneity either in the layer (Fig. la) or the 
half-space (Fig. lb). It has been shown [IO] that in either of these cases the 
problem can be reconstructed in such a way that the inhomogeneity is 
replaced by a set of body forces distributed in R, and a prescribed jump in the 
normal derivatives of the displacements across the surface S, + Sa bounding 
the region R, . Thus, 
x E R, 
Q(X) = wko(x) + S, A%[x, 5; v(S)] dg, x E R, 
P~[x, p; V(P)] = OJ~~$&(L x)~t(S) -~ ~Cijp&~i.~wp.G). 
(2) 
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In the above e-iwtG&, x) is the ith component of the normalized displace- 
ment vector at 5 due to a point force at x acting in the K-direction in a single 
layered half-space with uniform layer thickness H, and 
where pr , tar , h, and pe , t~s , h, are the densities and the elastic constants in 
the layer and the half-space respectively. A proof of Eq. (2) alternate to that 
given by Ma1 and Knopoff [lo] is given in Appendix I. 
We note that Eq. (2) is an exact integral representation of the field outside 
the region R, . A usual procedure to evaluate (2) is to approximate the field 
inside R, by the incident field. However, this approximation is valid only if 
the volume of the region R, and the contrast between the elastic properties 
of the region R3 and those of the surrounding material, are both very small 
[IO]. We wish to consider the case where neither of these conditions need to 
be satisfied by our model. In the general case it is extremely difficult to 
determine the complete elastodynamic field inside R, . However, for practical 
purposes, one simplification can be made which enables us to determine the 
field inside Rs with comparative ease. This is a consequence of the fact that 
the Green’s function G,(& x) can be written as the sum of two terms, one 
giving the body wave contributions and the other giving the surface waves. 
Thus the integrals in (2) can be written as a sum of terms which describe the 
body and surface waves separately. Let us assume that it is possible to 
separate these two kinds of waves experimentally and that we focus our 
attention on the surface wave contributions to the above integrals. Thus we 
shall neglect the body wave parts of the Green’s function. A further simplifica- 
tion is made by taking into account the fact that the surface wave contribu- 
tions of the Green’s function can be written entirely in terms of the eigen- 
functions u”(x) and v”(x) [I]. 
Consider the structure described in Fig. la. Let 
x, = h(x,), 0 < Xl < a 
= 0, x > a (4) 
be the equation of the interface. Thus Ra is confined to the region 
0 < x3 < H. Then Green’s function at a point g in RI may be written as 
G&Z, x) = f u,zx”(x)iio(S), tl -=I xl 
for 0 i x3 < f7, and 
for .x3 < 0. 
t1 :. .Y, 
The normalization factor R is given by (Appendix II, (ii)) 
(6) 
(7) 
TVe note that the Green’s function given above does not have any discontinuit! 
in its derivatives across the horizontal plane through the source. 
By using (5) and (6), Eqs. (2) may be written as follows: 
Up(X) = C(s,) q.“(X) + D(s,) ii,“(x), 0 c-. I/ CY’ s:, s . N VW 
z+;(x) = C(.Q) Tj,.yX) + D(s,) z;,“(x), .Tg : 0, W) 
Pa) 
(9b) 
L[u, v] = UJ~A~U~ZJ~ - A~~~~p~,~v,,<, (9c) 
f-Y-%) =f ,” QKh) &?I . (9c) 
=I 
For x1 > a 
z&(X) = C(a) UkO(Xj (loa) 
and for x1 < 0 
z&(x) = UkO(X) + D(0) q.“(x). (lob) 
The displacement vector given by (8b) is valid only in the half-space 
xs < 0. However, it is also valid on the line x3 = 0,O < x1 < a and v and 
v” are analytic functions of x1 , xs in the region R, . Thus, by the principle of 
analytic continuation, the representation (8b) is also valid in the region R, . 
It should be noted that the displacement vector defined by (8a) and (8b) does 
not satisfy the continuity conditions on S, . This is unavoidable and is a 
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consequence of the fact that the body waves generated in the transition zone 
have been neglected. In other words, it is not possible to describe the com- 
plete elastodynamic field in the transition zone by means of surface waves 
only. 
Let f(.xr) and g(.Q be the normalized horizontal and vertical components 
of the displacement in the layer within the transitional zone: 
f (XJ = e~“~“‘ul(x)/ulo(x) 
g(q) = eif~%4,(x)/u,o(x). (11) 
Then from Eq. (8a) we have 
where we have assumed that the phase of the horizontal component is zero 
at x1 = 0 and, by the demonstration of Appendix II, the phase of the vertical 
component differs from that of the horizontal component by r/2. Hence, 
from (12) the normalized field e ihoxl has added to it a component due to 
interaction with the changing structure to the left, with differential forward 
scattering coefficient (l/R) P(fr) d[, and a component due to interaction with 
the structure to the right of xi with differential back scattering coefficient 
(l/R) Q&> d-5 . 
Substituting the expression (8b) for v(x) in (9a, b), we obtain the integral 
equations 
where 
(14) 
Ily using (13) and the properties of the incident field derived in Appendix II, 
,f (.vr) and R(.Q) can be shown to satisfy the following pair of coupled differen- 
tial equations: 
4’ q -- i(k,, ~- M)g(s,) = 0 
(16) 
i(k, x),f(.~, j == 0. 
N = (PI - Q,)j(R, + -41 - B,) 
.LT =z (P, + Q,jI(R” + -4, + B,). (17) 
‘I’he quantities PI ,Q, , -4r , B, are real functions of k only and, along with 
K,, , are defined in Appendix II. 
Equations (15) can be written in the form, 
with 
S = k,, - N, (19) 
and where we have dropped the suffix on s1 . 
Equations (18) are exact differential equations describing the wave motion 
in the layer as long as the converted body waves and the higher mode surface 
waves can be neglected. Although the integral representations (2) are derived 
under the assumption that the layer is of uniform thickness H on both sides 
of the transitional zone, Eqs. (18) may be assumed to hold for more general 
geometries. One important case is where the layer has unequal uniform 
thickness on the two sides of the inhomogeneity. One must, however, be 
careful about the convergence of the solutions to (18) as a -+ co. 
Solutions to (18) are familiar. We may transform them for example, into 
the canonical form 
$ + k’(.v)G(.v) = 0 (20) 
by the substitution 
g(x) == t/i?(.v)G(.v), (21) 
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In the above, the primes denote differentiation with respect to X. Equation (20) 
is the reduced wave equation for propagation in a stratified medium and has 
been discussed in detail in the theory of acoustic and electromagnetic waves. 
It is to be noted that the local wave number k(x) depends upon the local layer 
thickness as well as the slope and the curvature of the interface at the point X. 
The usual methods are available to solve (20) up to any desired degree of 
accuracy [ll]. The solution can be written as a sum of contributions due to 
reflection and transmission at the sloping boundary. 
The WKB J solution to (20) depends only on the structure to the left of the 
point of observation, for waves incident from the left. For small slopes the 
“reflected” waves and the “transmitted” waves are of higher order than the 
lowest order solution, 
1 .I” k(S)dS 
Go(x) = m ez o - (23) 
Thus if / U(X)] Q 1 and sharp corners are not present in h(x), the phase shift 
in the forward travelling waves between two points (xi , H) and (~a , H) on the 
free surface is given by, 
s x3 k(s) ds, Xl 
where k(x) is given by (22). Since (22) is of second order in the operation d/dx, 
to this order of approximation there is no anisotropy in the shift in wave 
number due to propagation “up” or “down” an inclined interface. 
Similar expressions can be obtained for the displacements and the phase 
shifts for wave propagation across a thickening crust, for which the equation 
to the interface is (Fig. lb), 
x3 = 4(x,), 0 < Xl < a 
= 0, x, > a, x, < 0. (25) 
In this case the inhomogeneity R3 is in the half-space and the appropriate 
Green’s function is given by 
GA 4 = f +“(~)q~), tl < x1 
(26) 
for 0 < .~a < H, and 
= 4 4o(x)vy5), <I -’ .x1 (27) 
for .vz >. H. The representation (2) can now be used to obtain the differential 
equations for the eigenfunctions and the eigenvalues. 
The theory can be extended to treat the case in which the layer is of uniform 
thicknesses Hand II, to the left and right of the inhomogeneity, (Fig. 2a). For 
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waves incident from the thicker side a formal solution can be obtained by 
making a --f cg in the results of Case I. It has been shown [9] that the solution 
converges if 
I @)I < a0 > 0, O<a<ca 
(28) 
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By choosing h and h’ sufficiently small, K(X) can be made to satisfy the above 
conditions. 
For two points (x1 , H), (.~a , H) in the transition zone, the phase shift is 
J “’ k(s) ds, 
4 
where K(X) is given by (22). 
We now consider two cases of the calculation of K(X) in the light of the 
observation that the quantities PI , Qi ,A, , B, , and R. are functions only 
of the constrast in properties and the height of the transition at the point x 
where the calculation of K(X) is being made, as well as of the incident wave 
function. In Fig. 2a, consider the problem of the calculation of (22) at a point 
in the region where the structure to the right of the discontinuity is already 
horizontal and plane parallel. For a point of observation in the region where 
the thickness of the layer is everywhere Hr , the wave number is that appro- 
priate to a layer of thickness H1 with an interface of zero slope. In this region, 
N’ = A’” = 0. Thus d/Ts is the wave number appropriate for a plane 
layer of thickness Hi and zero slope. It therefore follows that the leading 
term in the approximation (22) is the flat layer approximation; that is, in 
Fig. I, to the lowest order of approximation, we can replace the inclined 
interface at every point with a horizontal layer having the local layer 
thickness. 
We have derived in this paper a differential equation (18) for Rayleigh waves 
in a medium with sloping interfaces; this differential equation is exact as 
long as the body waves can be neglected. To the lowest order, the eigenvalues 
depend only upon the properties of the medium beneath the point x, and 
upon the geometry at that point. The corrections to this lowest order approxi- 
mation for the eigenvalues are isotropic with respect to the direction of 
propagation of the incident field. It must, however, be noted that the total 
wave motion at any point in the transition zone is given by an infinite series 
which, in general, cannot be decomposed into right and left travelling waves. 
Thus, although the perturbations in the eigenvalues are at most of the second 
order in the deviations from the plane parallel layers, there may be a first 
order effect in the eigenfunctions. This introduces phase distortion [13], and 
consequently anisotropy in the phase velocities as a first-order effect [8]. 
The fact that the lowest order solution is k, = d/S, is well known as 
the “adiabatic theorem” [14], for a system that undergoes infinitesimally slow 
changes. We have provided the exact correction to this result if the rate of 
transition is taken into account, for this particular mode of wave propagation. 
We anticipate that other systems such as quantum mechanical ones under- 
going slow, finite transitions can be treated similarly. 
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APPENDIX I 
We denote bv P+~‘@~(x) the displacement vector due to the incident waves. 
Then - 
a”(x) = uO(x), 0 r x3 < H 
= vO(x), sg < 0. (AL 1) 
Let e-iwt@(x)and e-iw’Y(x)be the displacement vectors in the regions R, -t R, 
and & , respectively, satisfying the boundary conditions on S,, , .Y~ = ~- Y, 
and the continuity conditions across the surfaces S, S, , S, C’onsider the 
eXpression 
{G,i(G X) ‘ii(@) - @i(5) Tij(Gp)j 11, 7 (AI. 2) 
where 5 is a point on any surface outside the region R, , and 11~ is the outward 
drawn unit normal vector at 5. Because of the continuity of the displacements 
and the normal stresses, the above expression is continuous evervwhere 
including the boundary surfaces. Let x be a point in the region R, + R, 
bounded internally by the surfaces S, and S, and esternally by the rectangle 
formed b!- the free surface So , a parallel line at .va =m -- ;ri and the two 
vertical lines .kj = 5%. For all points x E R, + R, , the Green’s function 
G,(& x) and the displacement vectors a(x) and (PO(x) satisfy the same 
differential equations and boundary conditions except at the point 5 == x
where the Green’s function is singular. \Ve further assume that the Green’s 
function is normalized [ 1 J. 
We integrate expression (AI. 2) along the boundary of R, .- R, and h! 
usual procedures obtain 
Q,,(~) = QP,“(~) - 1 {G,,(S, X)Tij(@) - @;(S)Ti;(G,))nj dS(S), (.U3) 
- .Q+s, 
where nj is the outward normal with respect to the region R, . 
The boundary conditions on S, and S, are 
q5) = Y(5) 
~~~(9) nj = u&P) n,; . (AI. 4) 
It is to be noted that in (AI. 3) the stresses 7ij and uij involve different elastic 
constants. Re convert the surface integral in (AI. 3) into the volume integral 
and use the equations 
~j(y) + w2~i(~i(s) = 0, P E R.7 
Tij,j(Gk) + P~w~G~~(E, X) = 0, 5 E RI + Rz 
to obtain Eq. (2). 
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APPENDIX II 
We prove some useful results concerning the wave function due to free 
harmonic Rayleigh waves propagating in a multi-layered medium in which 
each layer is of uniform thickness. 
(i) It is well known that the horizontal and the vertical components of the 
displacement function for two dimensional Rayleigh waves propagating in a 
uniform half space differ in phase by n/2. This result is also true for multi- 
layered media. Let Ui(~a) cos(R.~, - wt), Us(+) cos(k~i - wt + S) be the 
real displacement functions, where .~a = 0 is the free surface. If /\1 and ,ul are 
the Lame constants of the top layer, the boundary conditions at the free 
surface are 
L (4 + 2/J,) 2 cos(kx, - d + S) - h,KU,(x,) sin(kx, - wt)] = 0 “a=0 
[ $$ Cos(& - Wt) - KU&x,) sin(+ - wt + S)] 
z 0. 
q=o 
The above two equations can hold at every point on the free surface only if 
1 s 1 = 42. 
Thus in expressions (12) and (13) u”(x) and v”(x) can be written in the 
forms 
@t(x) = i@~l(.k+3)eik+l 
@3o(x) = @~3(x3)eikOrl, 
(AIL 1) 
where ADZE, @!a(~~) are real functions of xa . 
(ii) The normalization factor R of the Green’s function is given by [I] 
Equation (7) follows from the fact that the two terms in the integrand for R 
are complex conjugates of one another. 
Let h, p be the elastic constants at any point 5. Then, 
By using (AIL 1) the above expression can be easily shown to be purely 
imaginary. Hence we can write 
R =- iR,, (AH. 2) 
where R, is real. 
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(iii) Consider the scalar quantity 
where 
cijv,q = &jspq + Asipsjq + st*sj,). 
u’J(!$) and v”(g) have the forms given by (AII. 1). By direct calculation it can 
be easily shown that the above expression is a real function of 5, . The 
product &O(g) vjo(c) is also real and independent of & Thus in (12) we ma!- 
write 
ho = P,W 
Q,(&) = Q),(h) ezihohl , (AH. 3) 
where P,(h) and Q,(h) are real functions of h(t,) only. 
(iv) By a similar argument Eqs. (15) can be shown to be equivalent to 
A,(.$) = L4,(h) 
B,(t,) = 273,(h) eeiko*l , (AIL 4) 
where A,(h) and B,(h) are real functions of k. 
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